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STABILITY OF DEPTH AND STANLEY DEPTH OF SYMBOLIC
POWERS OF SQUAREFREE MONOMIAL IDEALS
S. A. SEYED FAKHARI
Abstract. Let K be a field and S = K[x1, . . . , xn] be the polynomial ring in n
variables over K. Assume that I ⊂ S is a squarefree monomial ideal. For every
integer k ≥ 1, we denote the k-th symbolic power of I by I(k). Recently, Montan˜o
and Nu´n˜ez-Betancourt [14] proved that for every pair of integers m, k ≥ 1,
depth(S/I(m)) ≤ depth(S/I(⌈
m
k
⌉)).
We provide an alternative proof for this inequality. Moreover, we reprove the known
results that the sequence {depth(S/I(k))}∞
k=1 is convergent and
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)) = n− ℓs(I),
where ℓs(I) denotes the symbolic analytic spread of I. We also determine an upper
bound for the index of depth stability of symbolic powers of I. Next, we consider the
Stanley depth of symbolic powers and prove that the sequences {sdepth(S/I(k))}∞
k=1
and {sdepth(I(k))}∞
k=1 are convergent and the limit of each sequence is equal to its
minimum. Furthermore, we determine an upper bound for the indices of sdepth
stability of symbolic powers.
1. Introduction
Let K be a field and S = K[x1, . . . , xn] be the polynomial ring in n variables over
the field K, and let I ⊂ S be a monomial ideal. The analytic spread of I, denoted by
ℓ(I), is defined as the Krull dimension of R(I)/mR(I), where R(I) =
⊕∞
k=0 I
k is the
Rees ring of I and m = (x1, . . . , xn) is the maximal ideal of S. A classical result by
Burch [3] says that
min
k
depth(S/Ik) ≤ n− ℓ(I).
By a theorem of Brodmann [2], depth(S/Ik) is constant for large k. We call this
constant value the limit depth of I, and denote it by limk→∞ depth(S/I
k). Brodmann
improved the Burch inequality by showing that
lim
k→∞
depth(S/Ik) ≤ n− ℓ(I).
The smallest integer t ≥ 1 such that depth(S/Im) = limk→∞ depth(S/I
k) for all
m ≥ t is called the index of depth stability of powers of I and is denoted by dstab(I).
It is of great interest to compute the limit of the sequence {depth(S/Ik)}∞k=1 and to
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determine or bound its index of stability. The most general results in this direction
were obtained in [6, 8, 21]. In [6], Herzog and Hibi proved that if the associated
graded ring grI(S) is CohenMacaulay, then
lim
t→∞
depth(S/I t) = n− ℓ(I).
Herzog and Qureshi [8] showed that for every polymatroidal ideal I, we have dstab(I) ≤
ℓ(I). Furthermore, they asked whether it is true that for every squarefree monomial
ideal I, the inequality dstab(I) < n holds. Trung [21] investigated the case of edge
ideals and proved that for any edge ideal I(G) ⊂ S, the limit limk→∞ depth(S/I(G)
k)
is n− ℓ(I(G)) which is equal to the number of bipartite connected components of G.
Moreover, in the same paper, it is shown that for any graph G with n vertices, we
have dstab(I(G)) < n. This gives a positive answer to the above mentioned question
of Herzog and Qureshi, in the case of edge ideals.
It is also of interest to consider similar problems for the symbolic powers of mono-
mial ideals. Let I ⊂ S be a squarefree monomial ideal. For every integer k ≥ 1, we
denote the k-th symbolic power of I by I(k). It immediately follows from [11, Theo-
rem 4.7] that the sequence {depth(S/I(k))}∞k=1 is convergent. Let Rs(I) =
⊕∞
k=0 I
(k)
be the symbolic Rees ring of I. The Krull dimension of Rs(I)/mR(I) is called the
symbolic analytic spread of I and is denoted by ℓs(I). Varbaro [22, Proposition 2.4]
proved that
min
k
depth(S/I(k)) = n− ℓs(I).
This equality was then improved in [10] by showing that
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)) = n− ℓs(I).
Let dstabs(I) denote the index of depth stability of symbolic powers of I which is the
smallest integer t ≥ 1 with depth(S/I(m)) = limk→∞ depth(S/I
(k)) for all m ≥ t. In
[10], it was also proven that
dstabs(I) ≤ n(n+ 1)bight(I)
n/2,
where bight(I) is the maximum height of associated primes of I.
Recently, Montan˜o and Nu´n˜ez-Betancourt [14, Theorem 3.4] proved that for every
squarefree monomial ideal and for any pair of integers m, k ≥ 1, we have
depth(S/I(m)) ≤ depth(S/I(⌈
m
k
⌉)).
In Theorem 3.3, we provide an alternative proof for the above inequality. While
the proof in [14] is based on constructing a splittable map between distinct symbolic
powers of I, our proof is based on a formula due to Takayama [19]. Next, we use this
inequality to reprove that the sequence {depth(S/I(k))}∞k=1 is convergent and
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)).
Moreover, we provide an alternative proof for the equality
lim
k→∞
depth(S/I(k)) = n− ℓs(I)
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(see Theorem 3.6). For every squarefree monomial ideal I, let dmins(I) denote the
smallest integer t ≥ 1 with depth(S/I(t)) = limk→∞ depth(S/I
(k)). In Theorem 3.6,
we also determine an upper bound for dstabs(I) in terms of dmins(I). More precisely,
we show that
dstabs(I) ≤ max{1, dmins(I)
2 − dmins(I)}.
Next, we study the Stanley depth of symbolic powers of squarefree monomial ideals.
Let M be a nonzero finitely generated Zn-graded S-module. Let u ∈ M be a homo-
geneous element and Z ⊆ {x1, . . . , xn}. The K-subspace uK[Z] generated by all
elements uv with v ∈ K[Z] is called a Stanley space of dimension |Z|, if it is a free
K[Z]-module. Here, as usual, |Z| denotes the number of elements of Z. A decomposi-
tion D of M as a finite direct sum of Stanley spaces is called a Stanley decomposition
of M . The minimum dimension of a Stanley space in D is called the Stanley depth of
D and is denoted by sdepth(D). The quantity
sdepth(M) := max
{
sdepth(D) | D is a Stanley decomposition of M
}
is called the Stanley depth of M . As a convention, we set sdepth(M) = ∞, when M
is the zero module. For a reader friendly introduction to Stanley depth, we refer to
[17] and for a nice survey on this topic, we refer to [4]. Inspired by the limit behavior
of depth of powers of ideals, Herzog [4] proposed the following conjecture.
Conjecture 1.1. ([4, Conjecture 59]) For every monomial ideal I, the sequence
{sdepth(Ik)}∞k=1 is convergent.
One can ask the similar question for symbolic powers.
Question 1.2. Let I ⊂ S be a squarefree monomial ideal I. Are the sequences
{sdepth(I(k))}∞k=1 and {sdepth(S/I
(k))}∞k=1 convergent?
In [18, Theorem 2.1], we invented a method to compare the Stanley depth of mono-
mial ideals (see Lemma 4.1). Using this method, in Theorem 4.2, we show that if I is
a squarefree monomial ideal and m and k are positive integers, then for every integer
j with m− k ≤ j ≤ m, we have
sdepth(I(m)) ≥ sdepth(I(km+j)) and sdepth(S/I(m)) ≥ sdepth(S/I(km+j)).
In Theorem 4.4, we use the above inequalities to give a positive answer to Question
1.2. Furthermore, in the same theorem, we show that the equalities
min
k
sdepth(S/I(k)) = lim
k→∞
sdepth(S/I(k)),
and
min
k
sdepth(I(k)) = lim
k→∞
sdepth(I(k))
hold, for any squarefree monomial ideal. The assertions of Theorem 4.4 allow us to
define the indices of sdepth stability of symbolic powers as follows.
sdstabs(I) = min
{
t | sdepth(I(m)) = lim
k→∞
sdepth(I(k)) for all m ≥ t
}
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sdstabs(S/I) = min
{
t | sdepth(S/I(m)) = lim
k→∞
sdepth(S/I(k)) for all m ≥ t
}
We also define the following quantities.
sdmins(I) = min
{
t | sdepth(I(t)) = lim
k→∞
sdepth(I(k))
}
sdmins(S/I) = min
{
t | sdepth(S/I(t)) = lim
k→∞
sdepth(S/I(k))
In Corollary 4.5, we determine an upper bound for sdstabs(I) (resp. sdstabs(S/I))
in terms of sdmins(I) (resp. sdmins(S/I)). More precisely, we show that for every
squarefree monomial ideal I, we have
sdstabs(I) ≤ max{1, sdmins(I)
2 − sdmins(I)}
and
sdstabs(S/I) ≤ max{1, sdmins(S/I)
2 − sdmins(S/I)}.
In general, we do not know how to compute the limit values limk→∞ sdepth(I
(k))
and limk→∞ sdepth(S/I
(k)). However, we will see in Theorem 4.7 that if I is the
Stanley-Reisner ideal of matroid, then
lim
k→∞
sdepth(S/I(k)) = n− ℓs(I)
and
lim
k→∞
sdepth(I(k)) ≥ n− ℓs(I) + 1.
2. Preliminaries
In this section, we provide the definitions and basic facts which will be used in the
next sections. We first recall the definition of symbolic powers which are the main
objective of this paper.
Definition 2.1. Let I be an ideal of S and let Min(I) denote the set of minimal
primes of I. For every integer k ≥ 1, the k-th symbolic power of I, denoted by I(k), is
defined to be
I(k) =
⋂
p∈Min(I)
Ker(R→ (R/Ik)p).
Let I be a squarefree monomial ideal in S and suppose that I has the irredundant
primary decomposition
I = p1 ∩ . . . ∩ pr,
where each pi is a prime ideal generated by a subset of the variables of S. It follows
from [5, Proposition 1.4.4] that for every integer k ≥ 1,
I(k) = pk1 ∩ . . . ∩ p
k
r .
Assume that I ⊂ S is an arbitrary ideal. An element f ∈ S is integral over I, if
there exists an equation
fk + c1f
k−1 + . . .+ ck−1f + ck = 0 with ci ∈ I
i.
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The set of elements I in S which are integral over I is the integral closure of I. The
ideal I is integrally closed, if I = I, and I is normal if all powers of I are integrally
closed. By [23, Theorem 3.3.18], a monomial ideal I is normal if and only if the Rees
ring R(I) is a normal ring.
Let R and R′ be two commutative rings with identity such that R′ ⊆ R. We say R
is an integral extension of R′, if for any element r ∈ R, there exists a monic polynomial
p(x) ∈ R′[x] with p(r) = 0.
A simplicial complex∆ on the set of vertices V (∆) = [n] := {1, . . . , n} is a collection
of subsets of [n] which is closed under taking subsets; that is, if F ∈ ∆ and F ′ ⊆ F ,
then also F ′ ∈ ∆. Every element F ∈ ∆ is called a face of ∆. The dimension of a
face F is defined to be |F | − 1. The dimension of ∆ which is denoted by dim∆, is
defined to be d− 1, where d = max{|F | | F ∈ ∆}. A facet of ∆ is a maximal face of
∆ with respect to inclusion. We say that ∆ is pure if all facets of ∆ have the same
cardinality. A simplex is a simplicial complex which has only one facet. The link of
∆ with respect to a face F ∈ ∆, denoted by lk∆(F ), is the simplicial complex
lk∆(F ) = {G ⊆ [n] \ F | G ∪ F ∈ ∆}
and the deletion of F , denoted by del∆(F ), is the simplicial complex
del∆(F ) = {G ⊆ [n] \ F | G ∈ ∆}.
When F = {x} is a single vertex, we abuse the notation and write lk∆(x) and del∆(x).
The i-th reduced homology of ∆ with coefficients in K will be denoted by H˜i(∆;K).
Let ∆ be a simplicial complex on [n]. The Stanley-Reisner ideal of ∆ is defined as
I∆ =
(∏
i∈F
xi : F ⊆ [n], F /∈ ∆
)
⊆ S.
A squarefree monomial ideal is unmixed if the associated prime ideals of I have the
same height. It follows from [5, Lemma 1.5.4] that the I∆ is unmixed if and only if
∆ is pure.
Definition 2.2. Let ∆ be a simplicial complex on the vertex set [n]. Then we say
that ∆ is vertex decomposable if either
(1) ∆ is a simplex, or
(2) there exists x ∈ [n] such that del∆(x) and lk∆(x) are vertex decomposable and
every facet of del∆(x) is a facet of ∆.
An interesting family of simplicial complexes is the class of matroids which is defined
as follows.
Definition 2.3. A simplicial complex ∆ is called matroid if for every pair of faces
F,G ∈ ∆ with |F | > |G|, there is a vertex x ∈ F \ G such that G ∪ {x} is a face of
∆. It is well-know and easy to prove that every matroid is a pure simplicial complex.
We close this section by recalling the definition of clean modules which will be used
in the proof of Theorem 4.7.
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Let M be a finitely generated Zn-graded S-module and assume that Min(M) is the
set of minimal primes of M . A chain
F : 0 =M0 ⊂M1 ⊂ · · · ⊂Mr =M
of Zn-graded S-modules is a prime filtration ofM , if for every integer i = 1, . . . r, there
exists a monomial prime ideal pi and a vector αi ∈ Z
n with Mi/Mi−1 ∼= S/pi(−αi).
The prime filtration F is called clean if Min(M) = {p1, . . . , pr}. The module M is a
clean module if it admits a clean prime filtration.
3. Depth of symbolic powers
In this section, we study the depth of symbolic powers of squarefree monomial
ideals. Our first goal is to reprove the result of Montan˜o and Nu´n˜ez-Betancourt [14,
Theorem 3.4] which states that that for every squarefree monomial ideal I and for
any pair of integers m, k ≥ 1, we have
depth(S/I(m)) ≤ depth(S/I(⌈
m
k
⌉)).
Our proof is based on a formula due to Takayama [19]. Hence, we first recall this
formula.
Let I be a monomial ideal. As S/I is a Zn-graded S-module, it follows that for
every integer i, the local cohomology module H im(S/I) is Z
n-graded too. For any
vector α ∈ Zn, we denote the α-component of H i
m
(S/I) by H i
m
(S/I)α. The support
of the vector α = (α1, . . . , αn) is defined to be the set Supp(α) = {i : αi > 0} and
its co-support is the set CoSupp(α) = {i : αi < 0}. For any subset F ⊆ [n], let
SF = S[x
−1
i : i ∈ F ]. For every vector α = (α1, . . . , αn) ∈ Z
n, we set
∆α(I) = {F ⊆ [n] \ CoSupp(α) : x
α /∈ ISF∪CoSupp(α)},
where xα = xα11 . . . x
αn
n . Takayama [19, Theorem 2.2] proves that for any vector α ∈ Z
n
and for every integer i, we have
(1) dimKH
i
m(S/I)α = dimK H˜i−|CoSupp(α)|−1(∆α(I);K).
Using this formula, we are able to prove the following lemma. This lemma will be
used later in the study of the depth of symbolic powers.
Proposition 3.1. Let I and J be monomial ideals in S. Assume that there exists a
function ϕ : Mon(S)→ Mon(S) which satisfies the following conditions.
(i) For every monomial xα ∈ S and every subset F ⊆ [n], xα ∈ ISF if and only
if ϕ(xα) ∈ JSF .
(ii) For every monomial xα ∈ S, we have Supp(β) ⊆ Supp(α), where β is the
exponent vector of ϕ(xα), i.e., xβ = ϕ(xα).
Then
depth(S/I) ≥ depth(S/J).
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Proof. Set t = depth(S/I). It follows that there exists a vector α ∈ Zn such that
H t
m
(S/I)α 6= 0. Thus, equality (1), implies that
H˜t−|CoSupp(α)|−1(∆α(I);K) 6= 0.
We write α = α+ − α− where α+ and α− are vectors in Z
n
≥0 with disjoint supports.
Assume that ϕ(xα+) = xγ and set β = γ − α−. We know from the assumptions that
Supp(γ) ⊆ Supp(α+) and therefore,
CoSupp(β) = Supp(α−) = CoSupp(α).
On the other hand, by condition (i),
∆α(I) = {F ⊆ [n] \ CoSupp(α) : x
α /∈ ISF∪CoSupp(α)}
= {F ⊆ [n] \ CoSupp(α) : xα+ /∈ ISF∪CoSupp(α)}
= {F ⊆ [n] \ CoSupp(β) : xγ /∈ JSF∪CoSupp(β)}
= {F ⊆ [n] \ CoSupp(β) : xγxα− /∈ JSF∪CoSupp(β)}
= {F ⊆ [n] \ CoSupp(β) : xβ /∈ JSF∪CoSupp(β)}
= ∆β(J).
The above equalities together with the fact CoSupp(β) = CoSupp(α) implies that
H˜t−|CoSupp(β)|−1(∆β(J);K) 6= 0.
Hence, it follows from equality (1) that H t
m
(S/J)β 6= 0 and therefore, depth(S/J) ≤
t. 
In order to use Proposition 3.1 to compare the depth of symbolic powers, we first
need to find a function ϕ which satisfies the assumptions of that proposition. The
following lemma tells us how to define this map. We recall that for every monomial
u and every integer 1 ≤ i ≤ n, we denote by degxiu the highest power of xi which
divides u.
Lemma 3.2. Let I ⊂ S be a squarefree monomial ideal. Suppose that m and k are
positive integers. Then for every integer j with m− k ≤ j ≤ m and every monomial
u, we have u ∈ I(m) if and only if uk+1 ∈ I(km+j).
Proof. Let I = p1 ∩ . . . ∩ pr, be the irredundant primary decomposition of I. First
suppose that u ∈ I(m). Then for every integer t with 1 ≤ t ≤ r, we have u ∈ pmt . In
other words, ∑
xi∈pt
degxiu ≥ m.
This implies that ∑
xi∈pt
degxiu
k+1 ≥ (k + 1)m ≥ km+ j.
Hence, uk+1 ∈ pkm+jt , for every 1 ≤ t ≤ r. In particular, u
k+1 ∈ I(km+j).
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Conversely, assume that uk+1 ∈ I(km+j). If u /∈ I(m), then there exists an integer s
with 1 ≤ s ≤ r, we have u /∈ pms . In other words,∑
xi∈ps
degxiu ≤ m− 1.
This implies that∑
xi∈ps
degxiu
k+1 ≤ (k + 1)(m− 1) < km+m− k ≤ km+ j,
where the last inequality follows from the assumption that m− k ≤ j. Hence, uk+1 /∈
pkm+js and consequently, u
k+1 /∈ I(km+j), which is a contradiction. 
We are now ready to reprove the result of Montan˜o and Nu´n˜ez-Betancourt.
Theorem 3.3. ([14, Theorem 3.4]) Let I ⊂ S be a squarefree monomial ideal. Suppose
that m and k are positive integers. Then for every integer j with m− k ≤ j ≤ m, we
have
depth(S/I(m)) ≥ depth(S/I(km+j)).
Proof. Set ϕ(u) = uk+1, for all monomials u ∈ Mon(S). Then for every subset
F ⊆ [n] and every monomial u, we have u ∈ I(m)SF if and only if there is a monomial
v ∈ K[xi | i ∈ F ] with uv ∈ I
(m). By Lemma 3.2, this is equivalent to say that
ϕ(uv) = uk+1vk+1 ∈ I(km+j),
which means that ϕ(u) ∈ I(km+j)SF . The assertion now follows from Proposition
3.1. 
As an immediate consequences of Theorem 3.3, we obtain the following corollaries.
Corollary 3.4. For every squarefree monomial ideal I ⊂ S, we have
depth(S/I) ≥ depth(S/I(2)) ≥ depth(S/I(3)).
Corollary 3.5. Let I ⊂ S be a squarefree monomial ideal. Then for every pair of
integers m, k ≥ 1
depth(S/I(mk)) ≤ depth(S/I(m)).
Proof. By Theorem 3.3,
depth(S/I(m)) ≥ depth(S/I((k−1)m+m)) = depth(S/I(mk)).

As we mentioned in the introduction, it is known by [11, Theorem 4.7] that the
sequence {depth(S/I(k))}∞k=1 is convergent. We also know from [22, Proposition 2.4]
and [10, Theorem 2.4] that
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)) = n− ℓs(I).
In the following theorem, we provide alternative proof for theses results. Moreover,
we determine an upper bound for dstabs(I) in terms of dmins(I).
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Theorem 3.6. For every squarefree monomial ideal I ⊂ S, the sequence {depth(S/I(k))}∞k=1
is convergent and
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)) = n− ℓs(I).
Moreover,
dstabs(I) ≤ max{1, dmins(I)
2 − dmins(I)}.
Proof. Set t = dmins(I) and suppose that m = depth(S/I
(t)). Thus,
m = min
k
depth(S/I(k)).
If t = 1, by Corollary 3.5, for every integer k ≥ 1 we have depth(S/I(k)) = m.
Therefore, in this case the sequence {depth(S/I(k))}∞k=1 is convergent,
min
k
depth(S/I(k)) = lim
k→∞
depth(S/I(k)) = m,
and dstabs(I) = 1. Now, assume that t ≥ 2. Again by Corollary 3.5, we have
depth(S/I(t
2−t)) = m. For every integer k > t2 − t, we write k = st + j, where s and
j are positive integers and 1 ≤ j ≤ t. As k > t2 − t, we conclude that s ≥ t − 1. It
then follows from Theorem 3.3 that
depth(S/I(k)) = depth(S/I(st+j)) ≤ depth(S/I(t)) = m.
By the choice of m, we conclude that for every integer k ≥ t2 − t, the equality
depth(S/I(k)) = m holds. Therefore, the sequence {depth(S/I(k))}∞k=1 is convergent,
min
k
depth(S/I(k)) = m = lim
k→∞
depth(S/I(k))
and dstabs(I) ≤ t
2 − t.
It remains to show that
lim
k→∞
depth(S/I(k)) = n− ℓs(I).
By [7, Theorem 3.2], the ring A = Rs(I) =
⊕∞
k=0 I
(k) is a finitely generated K-algebra.
Hence, using [7, Theorem 2.1], we conclude that there exists an integer c ≥ 1 such
that I(ck) = (I(c))k, for every k ≥ 1. It follows from [23, Corollary 7.3.15] that I(c) is
a normal ideal and thus, [5, Proposition 10.3.2] implies that
lim
k→∞
depth(S/I(k)) = lim
k→∞
depth(S/I(ck)) = lim
k→∞
depth
(
S/(I(c))k
)
= n− ℓ(I(c)).
Therefore, we only need to show that ℓ(I(c)) = ℓs(I). Set
B = Rs(I)/mRs(I) =
∞⊕
k=0
I(k)/mI(k)
and
B′ = R(I(c))/mR(I(c)) =
∞⊕
k=0
I(ck)/mI(ck).
10 S. A. SEYED FAKHARI
For every integer k ≥ 0 and every monomial u ∈ I(k), we have uc ∈ I(ck). This shows
that B is an integral extension of B′. Therefore, using [12, Theorem 2.2.5], we deduce
that
ℓs(I) = dimB = dimB
′ = ℓ(I(c)).
This completes the proof. 
4. Stanley depth of symbolic powers
In this section, we study the Stanley depth of symbolic powers of squarefree mono-
mial ideals. The first main result of this section, Theorem 4.2, states that if m and k
are positive integers, then for every integer j with m− k ≤ j ≤ m, we have
sdepth(I(m)) ≥ sdepth(I(km+j)) and sdepth(S/I(m)) ≥ sdepth(S/I(km+j)).
In order to prove the above inequalities we need the following result from [18].
Lemma 4.1. ([18, Theorem 2.1]) Let I and J be monomial ideals in S. Assume that
there exists a function ϕ : Mon(S)→ Mon(S), such that the following conditions are
satisfied.
(i) For every monomial u ∈ Mon(S), u ∈ I if and only if ϕ(u) ∈ J .
(ii) For every Stanley space uK[Z] ⊆ S and every monomial v ∈ Mon(S), we have
v ∈ uK[Z] if and only if ϕ(v) ∈ ϕ(u)K[Z].
Then
sdepth(I) ≥ sdepth(J) and sdepth(S/I) ≥ sdepth(S/J).
The following theorem is the first main result of this section. It is a consequence of
Lemmata 3.2 and 4.1.
Theorem 4.2. Let I ⊂ S be a squarefree monomial ideal. Suppose that m and k are
positive integers. Then for every integer j with m− k ≤ j ≤ m, we have
sdepth(I(m)) ≥ sdepth(I(km+j)) and sdepth(S/I(m)) ≥ sdepth(S/I(km+j)).
Proof. Set ϕ(u) = uk+1, for all monomials u ∈ Mon(S). By Lemma 3.2, for every
monomial u, we have u ∈ I if and only if ϕ(u) ∈ I(km+j). Hence, the assertions follow
from Lemma 4.1. 
As an immediate consequences of Theorem 4.2, we obtain the following corollaries.
Corollary 4.3. For every squarefree monomial ideal I ⊂ S, we have
sdepth(S/I) ≥ sdepth(S/I(2)) ≥ sdepth(S/I(3))
and
sdepth(I) ≥ sdepth(I(2)) ≥ sdepth(I(3)).
In the following theorem, which is the second main result of this section, we prove
that the Stanley depth of high symbolic powers of a squarefree monomial ideal is
constant. Moreover, we show that this constant number is equal to the minimum
value of the Stanley depth of symbolic powers.
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Theorem 4.4. For every squarefree monomial ideal I, the sequences {sdepth(S/I(k))}∞k=1
and {sdepth(I(k))}∞k=1 are convergent. Moreover,
min
k
sdepth(S/I(k)) = lim
k→∞
sdepth(S/I(k)),
and
min
k
sdepth(I(k)) = lim
k→∞
sdepth(I(k)).
Proof. Set
m := min
k
sdepth(S/I(k)),
and let t ≥ 1 be the smallest integer with sdepth(S/I(t)) = m. If t = 1, by [18,
Theorem 3.1], for every integer k ≥ 1 we have sdepth(S/I(k)) = m. Therefore, in this
case the sequence {sdepth(S/I(k))}∞k=1 is convergent and
min
k
sdepth(S/I(k)) = lim
k→∞
sdepth(S/I(k)) = m.
Now, assume that t ≥ 2. Again by [18, Theorem 3.1], we have sdepth(S/I(t
2−t)) = m.
For every integer k > t2 − t, we write k = st + j, where s and j are positive integers
and 1 ≤ j ≤ t. As k > t2 − t, we conclude that s ≥ t − 1. It then follows from
Theorem 4.2 that
sdepth(S/I(k)) = sdepth(S/I(st+j)) ≤ sdepth(S/I(t)) = m.
By the choice of m, we conclude that for every integer k ≥ t2 − t, the equality
sdepth(S/I(k)) = m holds. Therefore, the sequence {sdepth(S/I(k))}∞k=1 is convergent
and
min
k
sdepth(S/I(k)) = m = lim
k→∞
sdepth(S/I(k)).
By using a similar argument, one can prove that the sequence {sdepth(I(k))}∞k=1 is
convergent and
min
k
sdepth(I(k)) = lim
k→∞
sdepth(I(k)).

As an immediate consequence of the proof of Theorem 4.4, we obtain the following
result, which provides an upper bound for sdstabs(S/I) (resp. sdstabs(I)) in terms
of sdmins(S/I) (resp. sdmins(I)).
Corollary 4.5. For every squarefree monomial ideal I ⊂ S, we have
sdstabs(I) ≤ max{1, sdmins(I)
2 − sdmins(I)}
and
sdstabs(S/I) ≤ max{1, sdmins(S/I)
2 − sdmins(S/I)}.
Inspired by Theorem 4.4, it is natural to ask about the limit values of the sequences
{sdepth(S/I(k))}∞k=1 and {sdepth(I
(k))}∞k=1. In general, we do not know how to com-
pute these limits. However, in Theorem 4.7, we investigate this question for the case
that I is the Stanley-Reisner ideal of a matroid. We first need the following lemma.
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Lemma 4.6. Let I ⊂ S be an unmixed squarefree monomial ideal of height h. Then
for every k ≥ 1, we have
(i) (I(k) : x1x2 . . . xn) = S, if k ≤ h, and
(ii) (I(k) : x1x2 . . . xn) = I
(k−h), if k > h.
Proof. Let I = p1 ∩ . . . ∩ pr, be the irredundant primary decomposition of I. Then
(I(k) : x1x2 . . . xn) =
r⋂
i=1
(pki : x1x2 . . . xn).
The assertions now follow from the fact the for every monomial prime ideal p of height
h, we have (pk : x1x2 . . . xn) = S, if k ≤ h, and (p
k : x1x2 . . . xn) = p
(k−h), if k > h. 
In the following theorem, we study the Stanley depth of high symbolic powers of
the Stanley-Reisner ideal of a matroid.
Theorem 4.7. Let ∆ be a matroid. Then
lim
k→∞
sdepth(S/I
(k)
∆ ) = n− ℓs(I∆) = dim∆ + 1
and
lim
k→∞
sdepth(I
(k)
∆ ) ≥ n− ℓs(I∆) + 1.
Proof. By [22, Theorem 2.1] (see also [20, Theorem 1.1]), we know that S/I
(k)
∆ is
Cohen-Macaulay, for any integer k ≥ 1. Hence, by Theorem 3.6, we have
n− ℓs(I∆) = lim
k→∞
depth(S/I
(k)
∆ ) = lim
k→∞
dimS/I
(k)
∆ = dimS/I∆ = dim∆ + 1.
Also, we know from [1, Theorem 2.1] that for every integer k ≥ 1, the module S/I
(k)
∆
is a clean module. Thus, by [4, Page 14], we have
sdepth(S/I
(k)
∆ ) = depth(S/I
(k)
∆ ),
for every integer k ≥ 1. This implies that
lim
k→∞
sdepth(S/I
(k)
∆ ) = n− ℓs(I∆) = dim∆+ 1.
In order to complete the proof, it is enough to prove that
sdepth(I
(k)
∆ ) ≥ dim∆+ 2,
for every integer k ≥ 1.
Assume that V (∆) = [n]. We prove the above inequality by induction on n+k. We
first note that if ∆ is a simplex, then I∆ = 0 and thus, sdepth(I
(k)
∆ ) =∞ ≥ dim∆+2,
for every k ≥ 1. In particular, the assertion is trivial for n = 1. Suppose k = 1. It
is well-known that ∆ is a vertex decomposable simplicial complex (see e.g., [15, Page
2256]). Hence, using [13, Theorem 4.2], we conclude that
sdepth(I∆) ≥ depth(I∆) = depth(S/I∆) + 1 = dimS/I∆ + 1 = dim∆+ 2.
Thus, suppose that n, k ≥ 2 and ∆ is not a simplex.
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For every integer i with i ≤ i ≤ n, let Si = K[x1, . . . , xi−1, xi+1, . . . , xn] be the
polynomial ring obtained from S by deleting the variable xi and set Γi := del∆(i). If
∆ has a vertex i which belongs to every facet of ∆, then I∆ = IΓiS. Since Γi = del∆(i)
is a matroid, by [9, Lemma 3.6] and the induction hypothesis, we conclude that
sdepth(I
(k)
∆ ) = sdepth(I
(k)
Γi
S) = sdepthSi(I
(k)
Γi
Si) + 1 ≥ dimΓi + 2 + 1
= dim∆− 1 + 2 + 1 = dim∆ + 2.
Hence, we assume the ∆ has no vertex which belongs to every facet of ∆. This implies
that dimΓi = dim∆, for every i ∈ [n].
Consider the ideals I1 = I
(k)
∆ ∩ S1 and I
′
1 = (I
(k)
∆ : x1). Now I
(k)
∆ = I1 ⊕ x1I
′
1 and
therefore by definition of the Stanley depth we have
(2) sdepth(I
(k)
∆ ) ≥ min{sdepthS1(I1), sdepthS(I
′
1)}.
Notice that I1 = (I∆∩S1)
(k) = I
(k)
Γ1
S1. Thus, it follows from the induction hypothesis
that
sdepthS1(I1) ≥ dimΓ1 + 2 = dim∆ + 2.
Hence, using the inequality (2), it is enough to prove that sdepthS(I
′
1) ≥ dim∆+ 2.
For every integer i with 2 ≤ i ≤ n, consider the ideals I ′i = (I
′
i−1 : xi) and
Ii = I
′
i−1 ∩ Si.
Claim. For every integer i with 1 ≤ i ≤ n− 1, we have
sdepth(I ′i) ≥ min{dim∆+ 2, sdepth(I
′
i+1)}.
Proof of the Claim. For every integer i with 1 ≤ i ≤ n − 1, we have I ′i = Ii+1 ⊕
xi+1I
′
i+1 and therefore by definition of the Stanley depth we have
(3) sdepth(I ′i) ≥ min{sdepthSi+1(Ii+1), sdepthS(I
′
i+1)}.
Notice that for every integer i with 1 ≤ i ≤ n− 1, we have I ′i = (I
(k)
∆ : x1x2 . . . xi).
Thus,
Ii+1 = I
′
i ∩ Si+1 = ((I
(k)
∆ ∩ Si+1) :Si+1 x1x2 . . . xi).
Hence, it follows from [16, Proposition 2] (see also [18, Proposition 2.5]) that
(4) sdepthSi+1(Ii+1) ≥ sdepthSi+1(I
(k)
∆ ∩ Si+1).
On the other hand,
I
(k)
∆ ∩ Si+1 = (I∆ ∩ Si+1)
(k) = I
(k)
Γi+1
Si+1.
Thus, it follows from the induction hypothesis that
sdepthSi+1(I
(k)
∆ ∩ Si+1) ≥ dimΓi+1 + 2 = dim∆+ 2.
Therefore, the claim follows by inequalities (3) and (4).
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Set d = dim∆ + 1. Since ∆ is pure, we conclude from [5, Lemma 1.5.4] that I∆ is
an unmixed ideal of height n − d. We know that I ′n = (I
(k)
∆ : x1x2 . . . xn) and hence,
Lemma 4.6 implies that either I ′n = S or I
′
n = I
(k−n+d)
∆ . In the first case, we have
sdepth(I ′n) = n ≥ dim∆+ 2,
(where the inequality follows from the assumption that ∆ is not a simplex) and in
the second case, by the induction hypothesis we have
sdepth(I ′n) ≥ dim∆ + 2.
Thus, in both cases we have sdepth(I ′n) ≥ dim∆+ 2. Using the claim repeatedly, we
conclude that sdepth(I ′1) ≥ dim∆ + 2. This completes the proof of the theorem. 
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